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Abstract. We get the infima and suprema of the first eigenvalue of the problem 

—y" + qy = 



O f y'(0) - kly(Q) = 0, 

(N 



, where q belongs to the set of constant-sign summable functions on [0, 1] such that 



y'(l) + *?y(l) = 
n summable 

/ qdx — 1 or / 
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\ 1. Introduction 

1.1. Consider the Sturm-Liouville problem 
(1) -y" + (q-X)y = 0, 

f i/(0) - *gy(0) = 0, 
>: \y'(l) + k 2 iy (l) = 0, 



where real coefficients k$ > and fci > ko are fixed, the solution y belongs to space W% [0, 1], equality 
(PQ) is considered as holding almost everywhere at [0, 1], and the potential q G L%[0, 1] is a constant-sign 
function such that one of the integral conditions holds: 

l r i 



. (3) I qdx = 1 or I qdx = —1. 

Jo Jo 

The aim of this paper is to get the infima and suprema of the first eigenvalue of problem ([I])-([3]). 
[Xj ! 1.2. Problem ©-© 

is a partial case of problem JT]), (j2J) with q e or —q e A y , where 7 G R \ {0} 

c5 ' an d 



(4) 



A 7 ^ | 9 G Li[0,l] : <?(x) > a.e., and J q 1 dx = l| 



Denote by Ai (q) the minimal eigenvalue of problem ([I]) or 
(5) - y" - Xqy = 

with some self-adjoint boundary conditions. Consider for each 7 G R \ {0} four values mijr ^ 
inf ggj 4 7 Ai(±g) and M^ 1 ^ sup g6j 4 Ai(±g). The estimates of m+ and M+ for equation ([5]) with 
Dirichlet boundary conditions were obtained in pp. The analogous results about Dirichlet problem for 
equation ([I]) were obtained in [2], [3]. In [1] problem ([2]) was studied. 

The values m^T and for problem (pQ) , ([21) with q G were considered by one of the authors in 
[5j for all 7 7^ 0. The most detailed and precise results were obtained for the case 7 7^ 1. 
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THE EXTREMA OF STURM-LIOUVILLE EIGENVALUE 2 

The case 7 = 1 is in some kind special. In [3] and [5], for (JTJ) with various boundary conditions, the 
precise results for were obtained by the method quite different from used for 7 / 1. In [5] for 
only inequality m\ > 1/4 was obtained. In [3] for m7 it was proved that this infimum is attained at 
the non-summable potential q* = —Su2- 

In this paper we extend the class of considered potentials from Li[0, 1] to space W2 _1 [0, 1] (see [6] 
and 12. II later). Space W 2 -1 [0, 1], in particular, contains a Dirac delta function Sq with support located 
at an arbitrary point ( E [0, 1]. This generalization of the problem lets us to get the precise description 
of M{~ and mf and to prove that they are attained at the potentials from the extended class. 

1.3. The main results of the paper are following four theorems: 

1.3.1. Theorem. By definition, put 

(6) a„ f± — — arctan — JL, /3 U ^ —=. arctan — 

Then is a unique solution to the equation 

(7) 1 - a M - Pn = iT l 
and is attained at the potential q* £ L\[0, 1] such that 



M x + forx€[a M +,l-P M + ] , 
otherwise. 

1.3.2. Theorem. If k^ + k\ < 1, then = k$ + k\ — 1 and is attained at the potential 

q* ^ -k 2 S - k\Si - (1 - k 2 - k\). 
If k$ + k\ > 1 and kf — k$ < 1, then M{~ is the minimal eigenvalue of the problem 

(8) -y" = Ay, 

(9) 21/(0) - (& 2 + fc? - l)y(0) = 2y'(l) + (fc 2 + A: 2 - l)y(l) = 
and is attained at the potential 

q* - -(1 + fc 2 - fc 2 )d /2 - (1 - kl + k\)Si/2. 
If kf — k$ >1, then Af-j" zs i/ie minimal eigenvalue of problem ([8]) io?#i 

(10) y'(0) - fc 2 y(0) = y'(l) + {k\ - l)y(l) = 
and is attained at the potential q* ^ —Si. 

1.3.3. Theorem, mf is the minimal eigenvalue of problem ([8]) with 

(11) 2/(0) - A: 2 y(0) = y'(l) + (/c 2 + l)y(l) = 
and is attained at the potential q* ^ Si. 

1.3.4. Theorem. If for some fi > — k$ and some £ £ (0, 1) i/ie problem 

(12) -j/' = w at (0,C)u(C,l), 

(13) 2/(0) - fcgj,(0) = 2y'(C - 0) - y(C) = 2j/(C + 0) + y(Q = y'(l) + k 2 iy (l) = 

has a continuous positive solution, then = \x and is attained at the potential q* ^ ~S(- 
Otherwise mj~ is the minimal eigenvalue of problem ([8]) with 

y'(0) - {kl - l)y(0) = y'{l) + k\y(l) = 

and is attained at the potential q* ^ —Sq. 
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Some additional remarks on solvability of boundary problem (|12p , (|13p will be given in subsection 
1331 

1.4. Let us give some examples that illustrate the theorems from previous subsection. In the 
case k = k x = we get mf = Ai(<5i) = 0.740174(±10~ 6 ). In the case k% = kf > 1/2 we get 
= Ai(— Sxfa). In the case fcg = = 1/2 we have = Ai(— 5^) = —1/4 for any £ £ [0, 1]. In the 
case k$ = k\ < 1/2 we have = Xi(-So). 

2. The set Ti and related topics 

2.1. We suppose that all considered functional spaces are real. 

By W 2 -1 [0, 1] denote the Hilbert space that is a completion of L 2 [0, 1] in the norm 



Nwi[o J i]= 1 - /0 

When y G W 2 -1 [0, 1], by $ yzdx we sometimes denote the result 

(y,z)^ lim / y n zdx (where y = lim y n , y n G L 2 [0, 1]) 

n— >oo Jq n— >oo 

of applying the linear functional y to the function z G W^O, 1]. 

For any fixed (7 G Li[0, 1] and AgR the map taking each y G [0, 1] satisfying (j5J) to 

-y" + ( (? -A)yGL 1 [0,l] 

can be extended by continuity to the bounded operator T q (X) : [0, 1] — > W^ 1 [0, 1] . Using integration 
by part, we get 

(14) <yy,zeW%[0,l]) (T q {X)y,z)= C [y'z' + (g - X)yz] dx + k 2 y(0)z(0) + kjy(l)z(l). 

Jo 

Consider the linear operator penciQ T q : R — > ^(^[0, 1], W 2 _1 [0, 1]) that takes any A G R to the 
operator T q (X) described by (|14p . The spectral problem for T q may be considered as a reformulation 
(or as a generalization in case when q G W 2 _1 [0, 1] * s n °t summable) of boundary value problem ([1]), 
We can do this due to the following two facts. 

2.1.1. For all q G Li[0, 1] and A G R the function y G W\ [0, 1] belongs to the kernel of the operator 
Tq(X), iff ' y G Wi [0, 1] and y is a solution of problem ([T]), (|2j). 

Proof. It directly follows from the definition of the operator T q (X) that for any solution y G Wf [0, 1] 
of problem ([I]), (J2j> the equality T q (X)y = holds. 

Let us prove the converse. Consider some y G kerT g (A), and put 



(15) w(x) ^ y'(x) — / (q — X)ydt. 

Jo 

o 

For any z G W 2 [0, 1], using (fl4"|) . we have 

(16) = (Tg(A)y,z) = / wz' dx. 







Since the set of the derivatives of all functions z G W 2 r[0, 1] is an orthogonal complement in -L 2 [0, 1] of 
the set of all constants, from f)16[) it follows that the function w G ^[0, 1] is constant. Combining this 



*A linear operator pencil L is an operator- valued function such that L{\) = A + \B, where A £ R, A and B are some 
operators not depending on A. 
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with (|15p . we get that the function y' is absolutely continuous and its generalized derivative equals 
(q — X)y. Now, using (fl4"|) . we see that for any z £ Vr 2 [0, 1] we get 

= (T q (X)y, z) = [-y'(O) + k 2 y(0)] z(0) + [y'(l) + fcfr(l)] z(l), 

so y satisfies conditions ([2]). □ 

2.1.2. For any q £ W^fO, 1] the spectrum of the linear operator pencil T q is purely discrete, simple 
and bounded from below. 

Proof. Note that for any y £ W\ [0, 1] we have 



||y 2 ||wi [0i ii < sup \y(x)\-J [ [y 2 + 4(y') 2 ] ^ < 2||y|| c[0 ,i] • ||y||wi [0 ,i], 
xe[o,i] V Jo 

then, by the embedding theorem, we get 

( 17 ) ll2/ 2 llw-i[o,ij ^ c lly|lw^[o,i]' 

where C is some constant. 

Since C[0, 1] is densely embedded in W 2 _1 [0, 1], for any e £ (0, 1) there exists a function q £ C[0, 1] 
such that || q — 1[ i] < e/C. Using this and inequality (fT7|) . for any y G W 2 [0, 1] we get 



' 2 

"1 



(18) 



(<7 - 9) 2/ 2 ^ 







ll~ ii2ii 1 1 1 1 2 

< II? - qWw^io,!] ' \\y Ww£[o,i] ^ £ \\y\\wi[o,i}- 



Further, for any k > \\q\\c\o,i] + 1 we have qy 2 dx > (1 — k) Jq y 2 dx. Combining this with (TH)) and 
(fl~8l). we obtain 



(19) IT q (- K )>l-e, 

where by I : W 2 _1 [0, 1] -> W£[0, 1] we denote an isometry that satisfies 

(Vy G W 2 l %l])(yz £ ^[0,1]) (Iy^) w i [0)1] = (y,z). 

The existence and uniqueness of this isometry follows from the Riesz theorem about the representation 
of a functional in a Hilbert space §§ 30, 99]. 

From estimate (fT9j) it follows [7, § 104] that the operator S ^ IT q (—K) is boundedly invertible. 
Taking into account CSD, we have IT q (X) = S - (A + k)J*J, where J : ^[0,1] L 2 [0,1] is the 
embedding operator. So for any A G M the existence of a bounded inverse of the operator T q (X) is 
equivalent to the existence of a bounded inverse of the operator 1 — (A + k)5 -1 / 2 J* JS^ 1 / 2 . Since J is 
compact, it follows that the spectrum of T q is purely discrete, semi-simple and bounded from below. 

The spectrum of the pencil T q is simple since (see [Bj, Propositions 2, 10]) for any A G R the 
kernel of the operator T g (A) is formed by the first components Y\ of the solutions to the boundary 
value problem 

Yi\ ( u 1 \ /y x 



y 2 ; v-u 2 -n; v^2 

V ('nN v f-\ \ 1 r;„2 



(20) 

(21) y 2 (0) - fcgyi(O) = F 2 (l) + [A; 2 + w] Fi(l) = 0. 
Here u £ ^2[0, 1] and w£M are taken from the representation 

(22) (VyG W%[0,1]) [\q-X)ydx = - f uy'dx + coy(l) 

Jo Jo 

of the potential q £ W 2 l [0, 1] . □ 
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2.2. For eigenvalues 

Ai(<?) < \ 2 {q) < ... < X n (q) < ••• 
of the pencil T q we have the following propositions. 

2.2.1. (see [8j Proposition 10]) For any n > 1, q G T / l / 2~ 1 [0, 1] and A £ 1 the inequality A > X n (q) is 
equivalent to the existence of n-dimentional subspace 91 C W^fO, 1] that satisfies 

(VyG0T\{0}) (T q (X)y,y) < 0. 

2.2.2. For any n > 1 i/ie function A n : H / 2~ 1 [0, 1] — >■ R is continuous. 

Proof. Consider some q G W-f^O, 1] and e G (0, 1/2). For any y G WjfO, 1], A G R and g G W 2 -1 [0, 1] 
such that ||g — gll^-i^ x j < e/C, where C is the same as in (fTT|) . we get 

(Tg{\)y,y) > (T q (X)y,y) - e |M|^i [0jl] 



> (T q (X)y,y) -e\\y\\$yi [QA] -e- (T 2q (Xi(2q))y , y) -ek&(Q) - ek(y\l) 



(l-2s).( Tq ( X + £ ^- X ^ ) 



l-2s J y ' V 

Consequently, from variational principle 12.2.11 it follows that any A > X n (q) satisfies 

A + e- [1-Ai(2g)] 



1 - 2s 



> X n (q). 



Since we can choose A arbitrarily close to X n (q), we have X n (q) > (1 — 2e) X n (q) — e ■ [1 — Ai(2q)]. By 
the same method we get X n (q) < (1 + 2e) X n (q) + e • [1 — X\(2q)}. □ 

2.3. Let Ti be the closure in W 2 1 [0, 1] of the set A x defined by g]). Put by definition 

A(X) ^ {A G R : (3g G X) A = Ai(g)}, 

where X C W 2 -1 [0,1] is some set of generalized functions. The set A(X) is formed by all the possible 
values of X\(q) for all q G X. By —X we, as usually, denote the set 

{q G W 2 -1 [0, 1] : (3r G X) q = -r}. 

2.3.1. Suppose X is a dense subset of Ti, then the closures of A(±JT) and A(±ri) coincide. 

2.3.2. The extrema mf ^ inf A(±Ai) and f± supA(±yli) ; defined in satisfy the equalities 
mf = inf A(±ri) and Mf = supA(±ri). 

Proposition 12.3.11 immediately follows from l2.2T2"l Proposition 12.3.21 immediately follows from l2.3TTl 

2.3.3. The set T\ consists of all non-negativ^ distributions q G W^fO, 1] such that qdx = 1. 

Proof. Since for any q G T± there exists a sequence of functions from A\ such that its limit equals q, 
it follows that the generalized function q is non-negative and satisfies Jq qdx = 1. 

Let us prove the converse. Suppose q G W 2 -1 [0, 1] is a non-negative generalized function and satisfies 
Jq qdx = 1. Then (see [6], [8j § 2.3]) there exists a function u G ^[0, 1] such that 

(23) (VyG ^[0,1]) / qydx = - [ uy'dx + y{\). 

Jo Jo 



2 The generalized function q £ W 2 1 [0, 1] is called non-negative if for any non- negative function y £ Wi [0, 1] the 
inequality (q, y) > holds. 
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Put by definition 

f jpjf for z€ [7,77], 



_ ; for x e [77, 6>], 



k otherwise 

for any reals 7 < r] < 8. Suppose 0<o<6<c<d<l. Substituting the functions n_i 5 o, a + n 0i <, 
n a ,fe, c + life c d and II C d 1 + n rfj i j2 for y in ([23]), we get 



I f b . 1 



< / udx < / udx < 1. 

b-a J a d-c J c 

From these inequalities it follows that the function u G £2(0, 1] is non-decreasing and satisfies 
vrai inf^g^i] u{x) > and vrai sup^g^i] u(x) < 1. 

Since there exists a sequence {u n }^ =0 of non-decreasing piecewise linear functions such that u n (0) = 
0, u n {\) = 1 and u = lim u n , it follows that q = lim u' n , where u' n G A\. □ 

n— >oo n— >oo 

2.4. Consider the function F implicitely defined by the equation 

(24) A 1 ( j P(m,C)5 c ) = /x j 

where /x G M and Q G [0,1]. The following three propositions give us some information about this 
function. 

2.4.1. For any C, G [0, 1] the function F(-,Q is single-valued, strictly increasing, and its domain is the 
interval (—oo,f + ) with some f + > 0. 

Proof. For any a G M. there exists [8] Proposition 11] a positive eigenfunction y G kerT a< 5 c (/j) corre- 
sponding to the eigenvalue \i Xi(aS^), so for any b < a we have 

(7m c {v)y > y) = ( T a<5 c (Ai)y, y) + (b - a) • y 2 (C) < 0. 

Using |2~.2.H we now get Ai (6<5^) < /j. So the function F(-,() is the inverse of the strictly increasing 
and, according to 12.2.21 continuous map a i— > Xi(aS^). Therefore, the function F(-,() is single-valued 
and strictly increasing. 

Further, for any a£l from the equality 

{T aS( (a + k% + kf)l, 1) = a - (a + /c 2 + k\) + k% + k\ = 

and proposition 12.2.11 it follows that Xi(ad^) < a + £?q + fcj. Therefore the domain of F(-,Q is 
unbounded from below. Also for any a > we have Xi(aS() > 0, so the right bound of domF(-,£) is 
positive. □ 

2.4.2. The function F is continuous. 

Proof. Consider an arbitrary point (/Jo>Co) 6 domF and suppose satisfy a~ < F(/jo,Co) < a+ ■ For 
any point (//, () £ Rx [0, 1] sufficiently close to (hq, Co) from 12. 4TT1 and [2.2. 21 we obtain the inequalities 
Xi(a~S^) < fi < Xi(a + 5(). Hence there exists a G (a _ ,a + ) such that fj, = Xi(ad^), so for the point 
(//, C) equation (|24l) has a solution -F(/j, C) = D 

2.4.3. ^4 pomi (/j, C) G (0, +oo) x [0, 1] belongs to domain of the function F iff the following conditions 
hold: 

(25) v^-(C-« M ) G (-7r/2,7r/2), ^ • (1 - ^ - C) € (-7r/2,7r/2), 
where and (3^ are defined by ([6]). In i/iis case trae equality 

(26) F(/i, C) = v 7 ^ • {tan[^ • (C - + tan[^ ■ (1 - /3 M - C)]} 
holds. 
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For any ( G [0, 1] the equality 

(27) F(0,C) 



1.2 



i + kfc i + ^(i-o 



holds. 

For any < and ( G [0, 1] the equality 



(28) 
where 



fj,\-{G(y/\ii\,kz,o+G(v\n\rt>i-o} 



G(v, k, x) ^ < 



tanh I z^x + In 



+ K 



V — K 



for v > k, 
for v = k, 



coth ( vx + In \ I — — — ) for v < k, 



k — v 



holds. 



Proof. Consider /i £l and ( G (0, 1) such that (fi,() £ domF. According to (f20"l) - ([22"j) . the equality 
T g (fi)y = 0, where q ^ F(fi, ()S^, is equivalent to the boundary problem 

(29) -y" = m at (o,c)u(c,i), 

(30) y'(C + 0)-y / (C-0) = F(/i,Oy(C), 



(31) 



2/(0) - fc 2 y(0) = y'(l) + fc?y(l) = 0. 



From [8j Proposition 11] and (I24p it follows that any non-trivial solution to problem (|29j) — f l3TT) is 
constant-sign. 

In the case \i > any solution to problem (|29j) , (|3~T1) has the form 



(32) 



2/0*0 



A • cos[^u • (1 - - ()] • cos[^/7i • (aj - a M )] for x < C, 
A ■ cos[^u ■ (1 - ftp - x)] • cos[y7t • (C - o^)] for x > (, 

where A is some constant. This function is constant-sign iff conditions (j25[) hold. Using (|30l) . we now 
get (f26l) . The values £ £ {0, 1} are finally included in the consideration using propositions 12.4.21 and 

The cases \i = and \i < are considered on the base of (j29j) - (j3ll by analogous way using the 
solution 

' A ■ [1 + kf(l - ()] ■ [1 + klx] forx<C, 
A ■ [1 + k\ (1 - x)] ■ [1 + jfegC] forx>C 
in the case /it = 0, and the solution 

A ■ g(V\iA,ki, 1 - C) • g(V\iA,ki,x) forx<c, 

A- g{^f\fi\,kl,l - x) ■ g(y/\jT\,k%X) for x > C, 



(33) 



2/0*0 



(34) 
where 



2/0<0 



g(v,K,x) ^ < 



cosh ( z^x + In 



sinh ( vx + In 



1/ + K 



v — K 



k + v 



K — V 



for v > k, 
for v = k, 

for v < k, 



in the case /i < 0. 



□ 
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3. Proofs of the main results 



3.1. In this section we prove theorems I1.3.1H1.3.41 We use the notation 

^ + (y) — { x G [0, 1] : y(x) = sup t6[01] y(t)j , 
tt~(y) ^ {x £ [0, 1] : y(x) = inf te[0) i] y(t)} , 
where y £ W^[0, 1] is an arbitrary positive function. Also we take into account proposition 12.3.21 

3.2. Proof of theorem 11.3.11 Consider some potential q* £ T\, and some positive eigenfunction 
y £ kerT g *(Ai ((/*)). Suppose that the support of the generalized function q* is a subset of ft + (y). 
Then for any q £ Ti we, using [273731 have 

= <T,.(Ai (?*))!/, y> 

[{y'f -Ai(g*)y 2 ] dx+ sup y 2 (x) + k 2 y 2 (0) + k 2 y 2 (l) 

x6[0,l] 

> t [(y') 2 + (q-W))y 2 } dx + k 2 y 2 (o) + k 2 y 2 (i), 



hence (T q (\i(q*))y,y) < 0. It follows that Xi(q) < X±(q*), therefore Xi(q*) = M±~. Thus we proved 
that is attained at any potential q* such that suppg* C Q + (y). 

Suppose that Q + (y) = [tq,ti], where tq ^ r\. Also suppose that the potential q* is summable and 
has the form 

fi for x £ [t , n], 
otherwise, 

where is some positive constant. Since y"(x) = for all x £ (to,ti), it follows that fi = X\(q*). 
Therefore the eigenfunction y has the form 

' A ■ cos[y7x • (x — a^)] for x < tq, 

y(x) = I B for x £ [tq, n], 

^ C ■ cos[^/JI • (1 — /3 M — x)] for x > ti, 

where A, B and C are some positive constants, and a M , f3^ are defined by ([6]). From the continuity of 
y' it follows that tq = and T\ = 1-/3^, hence A = B = C . Finally, from the condition f Q q* dx = 1 
we have the equation ([3). 

To conclude the proof, it remains to note that equation ([7]) has a unique solution, because and 
(3^, considered as functions of jx > 0, are non- negative, continuous, non-increasing and tend to zero as 
/i — > +oo. 

3.3. Proof of theorem 11.3.21 Consider some potential q* £ —Y%, and some positive eigenfunction 
y £ ker T q *(X\(q*)). Suppose that suppg* C Then for any q £ — T± we, using [27373| have 

0=(T r (X l (q*))y,y) 

[(y') 2 -Xi(q*)y 2 ] dx- inf y 2 (x) + k 2 y 2 (0) + k 2 y 2 (l) 

xe[o,i] 



> C [{y'? + {q-M{q*))y 2 ] dx + k 2 y 2 (o) + k 2 y 2 (i) 

Jo 



hence {T q (X 1 (q*))y,y) < 0. It follows that Xi(q) < Xi(q*), therefore Xi(q*) = Mf . Thus we proved 
that Mj~ is attained at any potential q* such that suppg* C 

Suppose kg + k\ < 1. Consider the generalized function q* ^ — k 2 So — k\8\ — (1 — k^ — kf), 
which in this case belongs to — T\. Using (|14p . we get that the first eigenfunction of the pencil T q * is 
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y = const, so suppg* C f2~(y). It follows that is attained at the potential q* and is equal to the 
corresponding first eigenvalue X\(q*) = k$ + k\ — 1. 
Suppose 

(35) k 2 Q + k\ > 1, 

(36) k\-kl< 1. 

Consider the generalized function q* ^ —(1 + k$ — k 2 )So/2 — (1 — k^ + k 2 )Si/2, which, due to ([36]) . 
belongs to —T\. For such q* the equation T q *(X)y = is equivalent to problem 0, ©. The first 
eigenvalue Ai (q*), due to ([35]) and ©, is non-negative and the corresponding eigenfunction is 

(37) y(x)=cos[y/X 1 (q*)-(x-C)], 

where C = 1/2- Hence suppg* C £l~(y). It follows that M{~ is attained at the potential q* and is 
equal to the corresponding first eigenvalue Ai(g*). 

Suppose k\ — k\ > 1. Consider the generalized function q* ^ —S\ £ —T\. For such q* the equation 
T q *{X)y = is equivalent to problem 0, ([TO]) . The corresponding first eigenfunction is defined by 
(|37l) . where £ G [0, 1/2], since k\ — 1 > k^. Hence suppg* C Q,~(y). It follows that Mf is attained at 
the potential 5* and is equal to the corresponding first eigenvalue X\(q*). 

3.4. Proof of theorem 11.3.31 Consider some potential q £ T\, and some positive eigenfunction 
y £ keiT q (Xi(q)). Then for any A > X±(q), according to 12.3.31 we have 



0> / [(y'f + {q-X)y 2 ] dx + k 2 y 2 (0) + k 2 y 2 (l) 
Jo 

> [ [(y'f-Xy 2 ]dx+ inf y 2 (x)+k 2 y 2 (0) + k 2 y 2 (l). 
Jo xe[o,i] 

It follows that there exists £ £ [0, 1] such that 

/ [{y') 2 + (5 C - A) y 2 } dx + k 2 y 2 (0) + k\ y 2 (l) < 0. 
Jo 

So for any A > mf there exists ( £ [0,1] such that Ai(<5^) < A. Hence, using [273731 we get mf = 
inf^g^i] Xi(S x ). This equality is equivalent, according to 12.4. 1} to the following fact: F(m±,x) is 
defined for all x £ [0, 1] and satisfies sup^g^i] F(m~l,x) = 1. 

Since > 0, from 12.4731 it follows that if \i = , then for any £ G [0, 1] conditions ([25]) hold. 
According to ([26]), ([25]) and 

dF(n,Q _ cos 2 [^.(l-/3 M -C)]-cos 2 [VMC-cv)] 
= V • 



d( cos^-CC-a^.cos^-Cl-^-C)] ' 

it follows that the function -F(/i, •) can have at some point £ £ (0, 1) a local extremum satisfying 
F(fi, C) > omv if C = (1 — Pfj, + o^)/2, C > a A* anc ^ C < 1 — But this conditions imply, according 
to (I38p . that such £ must be a point of strict local minimum of the function F(/j,, •). Therefore F(fi, •) 
can't have a supremum in (0,1), so we get mf = inf{Ai(do), Xi(Si)}. Note that for the potential 
q* ^ 5i, where i £ {0, 1}, the equation T q *(X)y = is equivalent to the problem 

-y" = Ay, 

y'(0) - [k 2 + (1 - i)\ 2/(0) = 2/(1) + [k 2 + i] y(l) = 0. 

Therefore we have 

= V /A i( <5 i) cot VM S i)> 
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SO m~l = Al(<$i). 

3.5. Proof of theorem 11.3.41 , Consider some potential q G — Ii, and some positive eigenfunction 
y G ker T q (Xi(q)). Then for any A > Xi(q), according to 12.3.31 we have 

> / [(y'f + (q - A) y 2 } dx + k 2 y 2 (0) + k 2 y 2 (l) 



> 



l 

[(y'f - \y 2 ] dx - sup y 2 (x) + k 2 y 2 (0) + k 2 y 2 (l). 
xe[o,i] 



It follows that there exists C G [0, 1] such that 

/ [{y'f + (S c - A) y 2 ] dx + k 2 y 2 (0) + k\ y 2 (l) < 0. 
Jo 

So for any A > ra\ there exists £ G [0,1] such that Ai(— S^) < A. Hence, using [27373^ we get 
= inf^gjo^] Ai(— d x ). This equality is equivalent, according to l2.4.1l to the following fact: F(m^ , x) 
is defined for all x G [0, 1] and satisfies sup^g^.i] F(m^ ,x) = —1. 
For any fixed value /iGMwe consider the conditions 

(39) F(n,()<0, 

(40) dF(n,0/dC = 0. 

It is clear that some point ( G (0, 1) can satisfy the equalities F(n,() = sup^^y F(n,x) = —1 only 
if d39]) and (00]) hold. 

Suppose [i > 0. Then, according to ([38]), ([26]), ([32]) and ([30j) , for any point ( G (0, 1) satisfying ([39]) 
condition ()40|) holds iff the problem 

(41) -y" = m at(o,c)u(c,i), 

(42) y'(0) - k 2 y(0) = 2y'(( - 0) + F(fi, CMC) = 

= 2y'(C + 0) - F( M , CMC) = y'(l) + k 2 y(l) = 
has a continuous positive solution. Besides, for any point C G (0, 1) satisfying ([39]) and ([4*0]) we have 

(43) a M > C > 1 - /V 

Therefore, according to (|38|) and (|25p . this stationary point C is a strict maximum of F(p,-). Since 
for any x G [0, 1], using ([4*3]) . we get 

-7r/2 < -yfjia^ < y/Ji ■ (x - a M ) < • (x - 1 + (3^) < ^Jl(3^ < ir/2, 

it follows from proposition 12.4.31 that the function F(^, •) is defined everywhere on [0, 1]. 

Suppose fi = 0. Let us use the same method as in previous case, changing ([26]) to ([27]) . and ([32]) to 
([33]) . Then we get that for any point C G (0, 1) satisfying ([39]) condition ([40]) holds iff problem ([4T]) . 
([42]) has a continuous positive solution. Using ([27]) we also get that the second derivative of F(0, •) is 
negative. Hence any stationary point C G (0, 1) is a strict maximum of F(0, •). 

Suppose [i G (— /cqjO). Then, using ([28]) . we get 

dF(fi,Q 

where 



{sinh- 2 (vlMlC + «m) " s inh_2 (v1m|(1 - C) + Pt) } , 



^ ^o ~~ VTH ' ^ ^i — VIA 4 ! 

Therefore, according to (j34p . for any point C G (0,1) satisfying (I39p condition (j40p holds iff problem 
([ill . ([42]) has a continuous positive solution. Since d 2 F(fi,£)/d( 2 < 0, it follows that any stationary 
point C G (0, 1) is a strict maximum of F(fi, ■). 
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Suppose > fi = — /cq = —k\. Then the function F([i, •) is a negative constant, and for any point 
C G (0, 1) problem ([44]) . ([4"2]) has a continuous positive solution. 

Suppose n G [— fcf,— fep], also \x < and A;i > fco- Then from ([28]) and ([34]) it follows that 
dF{fji, O/dQ < 0, and problem ([4"T]) . ([32]) has no positive solutions for any £ 6 (0, 1). 

Suppose < — fcf. Then, using ([28]) . we get 



/i {cosh" 2 (VHC + «m) - cosh 2 (VW(1 - + } , 



d( 

where 

_ 1 , V¥\+k% _ 1 v^H +jj 
a,, f± — In — == , p.. ^ — In — ■== . 

2 v^-Ai 2 ' ^ 2 v^-A 2 

Therefore, according to (|34p . for any point £ £ (0, 1) satisfying (j39[) condition ()40p holds iff problem 
(|4ip , (|42p has a continuous positive solution. Since d 2 F{^,,C,)/dC, 2 > 0, it follows that any stationary 
point C G (0, 1) is a strict minimum of F(fi, •). 

From proposition 12.4. ll we also get that for any \i < the function F(fi, •) is defined everywhere on 

[o,i]. 

Combining all this, we obtain the following: the existence of a continuous positive solution to 
problem (TT2l) . (fT3l) for some \x > — k$ and Q G (0,1) implies that F(^iX) = — 1) the function F(fx,-) 
is defined everywhere on [0,1], and sup xG [ 01 ] F(fi, x) < — 1. Therefore = Xi(-S^). In converse, 
if for any fi > —k$ and £ G (0,1) the positive solution of ([12]) . (fl"3]) doesn't exist, we get — 
inf{Ai(— <5o)> Ai(— Si)}. From the equation 

Ai(-<J f ) - klk\ + k\_, t = (fcg + A 2 - 1) • ^(Aa(-ffi)), 

where i G {0, 1} and 

' y 7 ^ cot -v/x for x > 0, 

^(x) ^ < 1 for x = 0, 

k y^[x[coth vf^I f° r x < 0, 
we obtain that inf{Ai(— So), Aj(— 5i)} = Ai(— <$o)- 

3.6. Now we get some conditions for the existence of a continuous positive solution to problem (|12|) . 
(|13|) considered in theorem II .3.41 

Suppose ^o(C); where ( G (0, 1], is the minimal eigenvalue of the problem 

(44) -y" = Ay, 

(45) 2/(0) - k 2 y(0) = 2y\C) - y(() = 0, 

and suppose /Ui(C)j where £ G [0, 1), is the minimal eigenvalue of problem (j44|) and 

2y , (C) + y(C) = y'(i) + fc 1 2 y(i) = o. 

It is clear that for some fi G R and £ G (0, 1) a continuous positive solution to f)12|) . (|13p exists iff the 
equalities /io(C) = Mi(C) = A 4 hold. 

3.6.1. If A; 2 = 1/2, i/iera /u (C) = -1/4. 

ijffcQ > 1/2, then the function fj,Q strictly decreases and satisfies lim ^o(C) = +°° an d Mo(l) > —1/4. 

If Aq < 1/2, i/ien /or any £ G (0, 1] the inequality ^o(C) < —1/4 holds. 

Proof. Suppose A; 2 . = 1/2. Then for any £ G (0,1] problem ([44]) . (|45p has the positive eigenfunction 
y(x) = e 2 ^ 2 corresponding to the eigenvalue —1/4. 

Suppose Aq > 1/2. Since the eigenvalues of problem ([44]) . ([43]) increase by fcg, it follows that 
Mo(C) > —1/4. Then let yo G W^O, £] be an eigenfunction of problem ([44]). ([43]) corresponding to 
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the eigenvalue /io(0- Continuing the function yo f° r an Y & £ (C> 1] to the interval (C>0] i n the form 
y(x) ^ yo(C) e ^~^ 2 > for the obtained function y G W^fO, 0] we get 

y 2 W 



[(y') 2 -^(C)y 2 ] dx + k 2 y 2 (0) 



[-i/4- M (C)]-[e^-i]-y 2 (C)<0, 



hence /io(#) < A*o(C)- Finally, for £ — >• we have uniform by y G W^O, C] asymptotic estimate 

rC 



V) 2 ^ + ^V(0)-^ 



■dx + (^- 1/2)^(0) 



+ 



C(y/)2 dx i ^w-^fc) 







> 



fcg-l/2 + o(l) 



!l y2dx - l 2ll 



y dx — - y dx 



C Jo 2 

therefore /i (C) > [*o _ V 2 + o(l)] ■ C" 1 - 

The inequality ^o(C) < —1/4 for the case < 1/2 is proved likewise the inequality //o(C) > —1/4 
for the case k^ > 1/2. □ 



3.6.2. J/ k\ = 1/2, &en Mi(C) = -I/ 4 - 

/f A;? > 1/2, then the function fj,% strictly increases and satisfies lim ^i(C) = +°° an d ^i(O) > —1/4. 

///c 2 < 1/2, then for any £ G [0, 1) f/ie inequality ^i(C) < —1/4 holds. 

The proposition 13.6.21 is proved likewise 13.6.11 
Combining 13.6.11 and I3.6.2| we get the last proposition: 

3.6.3. Problem (|12p . (|13p /ias a continuous positive solution for some fi > —k^ and £ G (0, 1) i/f one 
o/ i/iese two conditions holds: k^ > 1/2 or kQ = k\ = 1/2. 
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